























FINITE NON-SOLVABLE GROUPS WHOSE REAL DEGREES
ARE PRIME-POWERS
LORENZO BONAZZI
Abstract. We present a description of non-solvable groups in which all real
irreducible character degrees are prime-power numbers.
1. Introduction
Let G be a finite group. It is well known that cd(G), the set of the degrees of
all irreducible characters, has great impact on the structure of G. Manz in [3] and
[4] described the solvable and non-solvable groups in which all the real irreducible
characters have prime-power degrees. In this paper we study the same problem for
real characters in the non-solvable case. We give a structural description of non-
solvable groups G such that cdrv(G), the set of the degrees of all real irreducible
characters, consists of prime-power numbers. In the following, Rad(G) is radical
subgroup and G(∞) is the last term of a derived series.
Theorem A. Let G be a finite non-solvable group and suppose that cdrv(G) consists
of prime-power numbers. Then Rad(G) = H × O for a group O of odd order and
a 2-group H. Furthermore, if K = G(∞), then one of the following holds.
i) G = K ×Rad(G) and K is isomorphic to A5 or L2(8);
ii) G = (KH)× O with K ≃ SL2(5), K ∩H = Z(K) and Z(K) < H.
About the point ii), we remark that if G is the the SmallGroup(240,93), then
K ≃ SL2(5), |H | = 4 and K ∩H = Z(K).
As a Corollary, we get control on the set of real character degrees. We recall
that cdrv,2′(G) is the set of odd real character degrees of a finite group G.
Theorem B. Let G a non-solvable group such that cdrv(G) consists of prime-power
numbers. Then either
i) cdrv(G) = cdrv(L2(8)) or
ii) cdrv,2′(G) = cdrv,2′(A5).
2. Preliminar results and Lemmas
Chillag and Mann are among the first authors that studied cdrv(G). They char-
acterized the groups G such that cdrv(G) = {1}, namely where all real irreducible
characters are linear. Now these groups are commonly known as groups of Chillag-
Mann type.
Theorem 2.1. [5, Theorem 1.1] Let G a finite group of Chillag-Mann type. Then




One other important contribution, was given by Dolfi, Navarro and Tiep in [9].
In their paper, appears version for real characters of the celebrated Ito-Michler
Theorem for the prime p = 2. Recall that Irrrv(G) denotes the set of irreducible
real valued character of G.
Theorem 2.2. [9, Theorem A] Let G be a finite group and T ∈ Syl2(G). Then
2 ∤ χ(1) for every non-linear χ ∈ Irrrv(G) if and only if T E G and T is of
Chillag-Mann type.
The corresponding condition for an odd prime p was studied by Tiep in [15] and
Isaacs and Navarro in [14]. Though a partial result, the techniques involved are
deep. This confirm the special role of the prime 2 in the study od real character
degrees.
Theorem 2.3. [15, Theorem A] Let G be a finite group and p be a prime. Suppose
that p ∤ χ(1) for every χ ∈ Irrrv(G) with Schur-Frobenius indicator 1. Then Op
′
(G)
is solvable; in particular, G is p-solvable.
Navarro, Sanus and Tiep gave a version for real characters of Thompson’s The-
orem for the prime 2 in [12]. Their work includes also a characterization of groups
in which the real character degrees are powers of 2.
Theorem 2.4. [12, Theorem A] Let G a finite group and suppose that 2 divides
χ(1) for all every real non-linear irreducible character of G. Then G has a normal
2-complement.
The next two Lemmas appears on [10].
Lemma 2.5. Let be N a normal subgroup of G and χ ∈ Irrrv(G). The following
hold.
i) if χ(1) is odd, then N ≤ ker(χ);
ii) if |N | odd and N centralizes a Sylow 2-subgroup of G, then N ≤ ker(χ).
Proof. Point ii) is [10, 1.4]. Point i) follows from the discussion before [10, 1.4],
keeping in mind that a group of odd order does not have any real non-trivial char-
acter. 
Let be N is a normal subgroup of G and θ ∈ Irrrv(N). The next Lemmas
provide some sufficient conditions for the existence of a real character of G above
θ.
Lemma 2.6. [8, 2.1 and 2.2] Let N a normal subgroup of a group G and θ ∈
Irrrv(N). If [G : N ] is odd, then θ allows a unique real-valued extension to IG(θ).
Furthermore, there exists a unique real-valued character χ ∈ Irrrv(G | θ).
Lemma 2.7. [8, 2.3] Let G a finite group and N E G. Suppose that there is
θ ∈ Irrrv(G) such that θ(1) is odd and o(θ) = 1. Then θ extends to a character
ϕ ∈ Irrrv(IG(θ)) and χ = ϕ
G ∈ Irrrv(G | θ).
Lemma 2.8. Let N a minimal normal subgroup of a group G, N = S1 × · · · × Sn
where S ≃ S is a non-abelian simple group. Let σ ∈ Irrrv(S) and suppose that σ
extends to a real character of Aut(S). Then σ× · · · × σ extends to a real character
of G.
Proof. The extension χ is constructed in [7, Lemma 5]. We see that if σ takes real
values, then also χ does. 
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The technique used in the proof of Lemma 2.8 is known as tensor induction, for
further details see [2, Section 4].
Lemma 2.9. [10, 1.6] Let G a finite group that acts by automorphism on the group
M . For every involution xCG(M) ∈ G/CG(M) there exists a non trivial character
µ ∈ Irr(M) such that µx = µ̄.
3. Proofs
In the following, we denote an integer a composite number if it is divisible by
more than one prime. If p is a prime, we denote by p∗ a general positive integer
that is a power of p. Moreover, Rad(G) is the solvable radical of G, namely the
largest solvable normal subgroup of G.
Theorem 3.1. Let G be a finite non-solvable group such that cdrv(G) consists of
prime-power numbers. If Rad(G) = 1, then G is isomorphic to A5 or PSL2(8).
Proof. Let be M a minimal normal subgroup of G. Then M = S1 × · · · × Sn is the
product of simple groups, all isomorphic to to a simple group S. Since Rad(G) = 1,
the group S is non-abelian.
Step 1: S is isomorphic to one of the following groups
A5, A6, PSL2(8), PSL3(3), PSp4(3), PSL2(7), PSU3(3), PSL2(17).





is non-solvable. By Theorem 2.3 there is a real irreducible character χ of G such
that p | χ(1). By the hypothesis, χ(1) = p∗ > 1. This means that for every
prime p ∈ π(M), there is χ ∈ Irrrv(G) such that χ(1) = p
∗ > 1. By Theorem
A of [9], if ∆rv(G) is the prime graph on real character degrees of G, then the
number of connected components of ∆rv(G) is at most three. In our hypotheses,
∆rv(G) consists in isolated vertices and hence the number of primes that appear
as divisors of the degree of some real irreducible character, is at most 3. It follows
that M , and hence S, is divisible by exactly 3 primes. Now, by Lemma 2.1 in [13],
the simple groups having order divided by exactly 3 distinct primes are those stated.
Step 2: S is isomorphic to one of the following groups: A5, PSL2(8), A6
If S ∈ {PSp4(3), PSL3(3), PSU3(3)} then there is a non-linear character σ ∈
Irrrv(S) such that σ(1) is an odd composite number. Let θ = σ × · · · × σ ∈
Irrrv(M). Then 2 ∤ θ(1) and o(θ) = 1, since M is perfect. So, by Lemma 2.7, there
is χ ∈ Irrrv(G | θ). As θ(1) divides χ(1), the degree of χ is a composite number,
against the hypothesis.
Suppose that S ∈ {PSL2(7), PSL2(17)}. Checking the ATLAS, there is a real
character σ ∈ Irrrv(S) such that σ(1) is a composite number and σ extends to
a real character of A = Aut(S). By tensor induction (Lemma 2.8), the character
θ = σ×· · ·×σ extends to a real character χ ∈ Irrrv(G). Again χ(1) = θ(1) = σ(1)
n
is a composite number.
Step 3: n = 1 and M is a simple group.
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The only left possibilities are S ∈ {A5, PSL2(8), A6}. Checking the character
table of these groups, we see that there are two non-linear characters σ, ρ ∈ Irrrv(S)
such that σ(1) = p∗ > 1 and ρ(1) = q∗ > 1 for p, q odd distinct primes. Let
θ = σ × 1 × · · · × 1 ∈ Irrrv(M). Since o(θ) = 1 and θ(1) is odd, the character θ
extends to a character ϕ ∈ Irrrv(IG(θ)) by Lemma 2.7 and χ = ϕ
G has degree p∗,
hence [G : IG(θ)] = p
∗ > 1. Since IG(θ) ≤ NG(S1), we have that
n = [G : NG(S1)] divides [G : IG(θ)] = p
∗ > 1,
so n = p∗ > 1. By the same argument with ρ in place of σ, we get that n = q∗ > 1
and n | (p∗, q∗) = 1.
Step 4: CG(M) = 1.
Suppose, by contradiction, that CG(M) > 1 and take N a minimal normal sub-
group of G contained in CG(M). For the same arguments used on M , we have
that N is simple and is isomorphic to one of the following groups A5, PSL2(8), A6.
As before, take σ ∈ Irrrv(M) with σ(1) = p
∗ and ρ ∈ Irrrv(N) with ρ(1) = q
∗
for p, q odd distinct primes. Note that [M,N ] ≤ M ∩ N ≤ M ∩ CG(M) = 1
since M is simple and non abelian. So MN = M ×N is perfect normal in G and
θ = σ× ∈ Irrrv(MN). Note that o(θ) = 1 and 2 ∤ θ(1). By Lemma 2.7 there is
χ ∈ Irrrv(G | θ), and this is impossible, since χ(1) is not a composite number.
Conclusion: we proved, so far, that: S ≤ G ≤ Aut(S) and that
S ∈ {A5, A6, PSL2(8)}.
Now, S cannot be the alternating group A6 because each of the 5 subgroups between
S and Aut(S) has a rational irreducible character of degree 10 (it is possible check
this with the software GAP), so S ∈ {A5, PSL2(8)}. In any of these cases, [Aut(S) :
S] is a prime number and there is only one subgroup strictly above S, namely Aut(S)
itself. But both Aut(A5) and Aut(PSL2(8)) have a real irreducible character with
composite degree. Hence G = A5 or G = PSL2(8). 
Theorem 3.2. Let G be a finite non-solvable group such that cdrv(G) consists of
prime-power numberss. Then G = KR with R = Rad(G) and K = G(∞). Moreover
K ∩R = L is a 2-group and K/L is isomorphic to A5 or PSL2(8).
Proof. Let K = G(∞) be the last term of the derived series of G and call Ḡ =
G/K∩R. Observe quotients preserve the hypotheses. Hence, by Theorem 3.1, G/R
is a simple group. Since 1 < KR/R E G/R, we have that G = KR and K̄ ≃ G/R
is isomorphic to A5 or PSL2(8). Moreover, Ḡ = K̄ × R̄ because [K,R] ≤ L.
Suppose by contradiction that there is θ ∈ Irrrv(R̄) of non-trivial degree. By The-
orems 2.4 and 2.2, there are two non linear characters φ1, φ2 ∈ Irrrv(K̄) such that
φ1(1) is even and φ2(1) is odd. If θ(1) is odd, consider χ = θφ1 and if θ(1) is even,
consider χ = θφ2. In any case, χ is a composite number, but this is impossible. It
follows that every real character of R/L is linear and by Theorem 2.1 R̄ = Ō × H̄,
where O ∈ Hall2′(R) and H ∈ Syl2(R). Write G0 for the preimage in G of K̄H̄,
note that G0 is a normal subgroup of odd index in G. Note that G0 = LKH = KH .
By Lemma 2.6, cdrv(G0) consists of prime-power numbers. Moreover K = G
(∞)
0
and Rad(G0)∩K = L. Hence we can assume that G = G0. This implies that O ≤ L.
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Suppose, working by contradiction, that O > 1, namely L is not a 2-group.
Consider M/M0 the first term (from above) of a principal series of G such that
M,M0 ≤ L and M/M0 is not a 2-group. Hence M/M0 is an elementary abelian
p-group for p odd and L/M is a 2-group. Possibly replacing G with G/M0, we can
assume that M0 = 1 and M is a minimal normal subgroup of G.
Since K/L is simple, CK(M) = K or CK(M) ≤ L. If CK(M) = K, then M has a
direct complement N in L and consider K̄ = K/N . Note that 1 < M̄ ≤ Z(K̄)∩K̄ ′,
since K = K ′ is perfect and hence |M | divides |M(G)| by [1, 11.20], where M(G)
denotes the Schur multiplier of G. But this is impossible, since |M(A5)| = 2 and
M(PSL2(8)) = 1.
Hence CK(M) ≤ L and the action of K on M is non-trivial. Moreover K/L
has even order, so by Lemma 2.9 there is an element λ ∈ M̂ and x ∈ K such that
λx = λ̄. Let I = IG(λ) and note that x ∈ NG(I) \ I, so 2 divides [G : I].
Let Ī = I/Ker(λ) (we remark that "bar" notation here is not the same as in
first part of the proof) and observe that M̄ ≤ Z(Ī). Take P ∈ Sylp(I); since the
index of K in G is a 2-power, every subgroup of G with odd order is contained in
K, hence P ≤ K. Moreover, M̄ ≤ Z(P̄ ), P̄ ∈ Sylp(Ī) and PL/L is a p-subgroup
of the simple group K/L, that is isomorphic to A5 or PSL2(8). Now, if p is an
odd prime, every Sylow p-subgroup of A5 or PSL2(8) is cyclic (see tables 1 and 2).
Hence, P/M ≃ P̄ /M̄ ≃ PL/L is cyclic and P̄ is abelian.
Since M̄ ≤ Z(Ī), we have that M̄  Ī ′ by Theorem [11, 5.3]. In addition
M̄ ∩ Ī ′ = 1 because M̄ has order p. Write Ī/Ī ′ = Q × B, where B ∈ Hallp′(Ī/Ī
′)
and Q ∈ Sylp(Ī/Ī
′). Note that Q and B are x-invariant, as x normalizes I. By
abuse of notation, we write M ≤ Q in the place of M̄ Ī ′/Ī ′ ≤ Q. In this notation
M is a group of order p and λ is a faithful character of M . The 2-group 〈x〉 acts
on the abelian group Q, hence by Maschke’s Theorem [6, 8.4.6] there is an 〈x〉-
invariant complement T for the 〈x〉-invariant subgroup M , so Q = M × T . Let
λ̂ = λ× 1T ∈ Irr(Q) and δ = λ̂× 1B ∈ Irr(Ī/Ī
′), we have that
δx = λ̂x × 1Bx = (λ
x × 1Tx)× 1B = (λ̄× 1T )× 1B = δ̄.
We return to the previous notation, so δ lifts to a character of I, that we call again
δ. Note that I < G as 2 divides [G : I].
If IH < G, then IH/H is a proper subgroup of G/H that is a simple group
isomorphic to A5 or PSL2(8). The maximal subgroups of these two groups are
known as well as their indexes, see tables 1 and 2. In particular, there always is an
odd prime q such that q divides [G : IH ] and hence 2q divides [G : I]. Note that
δ ∈ Irr(I | λ), so χ = δG ∈ Irr(G). Moreover
χ̄ = (δ̄)G = (δx)G = δG = χ.
Hence χ is a real character of G and 2q | χ(1) since 2q | [G : I], and this is impossible.
Suppose now IH = G. In this case, I/I ∩ H ≃ G/H that is isomorphic to A5
or PSL2(8). These groups have a unique rational character φ of odd degree. The
element x stabilizes the section I/I∩H , hence by uniqueness φx = φ. By Gallagher
Theorem [1, 6.17], φδ ∈ Irr(I | λ) and by Clifford corrispondance, χ = (φδ)G ∈
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Irr(G). Since φ is a real x-invariant character and δx = δ̄, we have that (φδ)x = φδ.
Hence, as before χ is a real irreducible character. Now θ(1) | χ(1) and there is an
odd prime q such that q divides χ(1). Moreover 2 | χ(1) since 2 divides [G : I]. So
χ(1) is a composite number and this is impossible. 
We give the list of maximal subgroups of A5 and PSL2(8) and their indices.








Lemma 3.3. Let be K a perfect group and M a minimal normal subgroup of K
that is an elementary abelian 2-group. Suppose that M is non-central in K and
K/M is isomorphic to L2(8) or A5. Then K has an irreducible non-linear real
character with odd composite degree .
Proof. Since G/M is simple we have that CG(M) = M . Suppose that K/M is
isomorphic to A5. There are two non isomorphic irreducible A5-modules W1,W2
of A5 over GF (2). Both have dimension 4 and H
2(A5,W1) = H
2(A5,W2) = 0.
Hence M has a complement S in K. It is easy to construct these groups and we see
that K = M ⋊ S = Wi ⋊A5 has a real irreducible character of degree 15. Suppose
now that K/M ≃ L2(8). Let be W1,W2,W3 the non-isomorphic irreducible L2(8)-
modules over GF (2), where dim(W1) = 6, dim(W2) = 8 and dim(W3) = 12. If
M ≃ Mi with i = 2, 3, then H
2(L2(8),Wi) = 0 and hence Mi has a complement S
in K. Then, as before, we conclude observing that Wi⋊L2(8) has a real irreducible
character of degree 63. Suppose that M ≃ W1. Then dimH
2(L2(8),W1) = 3.
Nevertheless, there are just two perfect groups of order 26 · |L2(8)|. Both these
groups have an irreducible real character of degree 63. 
In the previous Lemma, dimensions of chomology groups and all the perfect
groups of a given order is information that is accesible with the GAP’s functions
cohomolo and PerfectGroup.
Proposition 3.4. Let G be a finite non-solvable group and suppose that cdrv(G)
consists of prime-power numbers. Let be K = G(∞) and R = Rad(G). Then
|K ∩R| ≤ 2 and if equality holds, then K ≃ SL2(5).
Proof. By Theorem 3.2, we have that N = K ∩ R is a 2-group. We prove that if
N > 1 then |N | = 2 and K is isomorphic to SL2(5). Let be V = N/Φ(N), then
V a normal elementary abelian 2-subgroup of G/Φ(N). Let V > V1 > · · · > Vn a
K-principal series of V . Let be N > N1 > · · · > Nn such that Ni the preimage
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in N of Vi. Then N/N1 is an irreducible K/N -module and K/N is isomorphic
A5 or L2(8) by Theorem 3.2. By Lemmas 3.3 and 2.7, N/N1 is central in K/N1.
Since K is perfect, we have that N/N1 is isomorphic to a subgroup of the Schur
multiplier M(K/N). The only possibility is |N/N1| = 2 and K/N1 ≃ SL2(5),
the Schur covering of A5. Suppose by contradiction that N1/N2 > 1, write K̄ =
K/N2. Since M(SL2(5)) = 1, N̄1 cannot be central in K̄. Let t ∈ K a 2-element
such that 〈tN1〉 = Z(K/N1), namely the unique central involution in SL2(5) and
〈tN1〉 = O2(K/N1). Since N1 is an irreducible module over GF (2), we have that t
acts trivially on N̄1. Suppose that t̄
2 6= 1, then 〈t̄2〉 would be a proper, non-trivial
submodule of N̄1, against irreducibility. This means that t̄
2 = 1 and hence 〈t̄〉,
that centralizes N̄2, is a minimal normal subgroup of N̄2. Observe that K̄/〈t〉 is a
quotient of K that satisfies the hypotheses of Lemma 3.3. Hence by Lemma 2.7 we
derive a contradiction. 
We now prove Theorem A, that we restate for convenience of the reader.
Theorem 3.5. Let G be a finite non-solvable group and suppose that cdrv(G) con-
sists of prime-power numbers. Then Rad(G) = H ×O for a group O of odd order
and a 2-group H. Furthermore, if K = G(∞), then one of the following holds.
i) G = K ×R and K is isomorphic to A5 or L2(8);
ii) G = (KH)× O with K ≃ SL2(5), K ∩H = Z(K) and Z(K) < H.
Proof. By Proposition 3.4 and Theorem 3.2, if K = G(∞) and R = Rad(G), then
G = KR, and either K ∩ R = 1 and K is simple isomorphic to A5 or L2(8) or
K ≃ SL2(5) and K ∩R = Z(K). In the first case, i) follows. Suppose K = SL2(5)
and K ∩ R = Z(K). Note that Z(K) is a normal subgroup of order 2, hence is
central in R. Consider Ḡ = G/Z(K). Then Ḡ = K̄ × R̄ and hence R̄ is a group of
Chillag Mann type, since K̄ is simple and has irreducible real non-linear characters
of both odd and even degree. This means that R̄ = Ō × H̄ for H ∈ Syl2(R) and
O ∈ Hall2′(R). We have that R is 2-closed. Hence R = H ⋊ O. Clearly O acts
trivially on H/Z(K). Hence H = CH(O)Z(K) ≤ CH(O)Z(R) ∩H , it follows that
O centralizes H and R = H ×O. By Dedekind modular law HK ∩O ≤ HK ∩R ≤
H(K ∩R) ≤ H and hence HK ∩O ≤ H ∩O = 1. This means that G is the direct
product of O and KH . Since SL2(5) does not satisfy the hypotheses, we have that
K ∩H < H . Point ii) follows. 
As a consequence, we get Theorem B.
Corollary 3.6. Let G a non-solvable group and suppose that cdrv(G) consists
of prime-power numbers. Then either cdrv(G) = cdrv(L2(8)) or cdrv,2′(G) =
cdrv,2′(A5).
Proof. Apply Theorem 3.5. In case i) there is nothing to prove. Suppose ii), we
have that G = (KH) × O with O of odd order, K = G(∞) and H is a normal
2-subgroup. Call S the simple section KH/H , hence S ≃ A5. Take χ ∈ Irrrv(G)
a real non-linear character of odd degree. Hence χ(1) = pn with p odd and χ is a
character of HK since, by Lemma 2.5, O ≤ ker(χ). The degree of every irreducible
constituent of χH divides (|H |, χ(1)) = 1, hence χH = e
∑
i λi for λi ∈ Lin(H). By
hypothesis we have that χ(1) = p∗ > 1 for an odd prime p and by [1, 11.29] we have
that χ(1)/λ(1) divides [HK : H ] = |S|, where S ≃ A5. Hence p ≤ χ(1) ≤ |S|p,
the p-part of the number |S|, that is equal to p if p is an odd prime. It follows
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that χ(1) = p. The thesis follows observing that cdrv,2′(A5) = {3, 5} and A5 is a
quotient of G. 
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